We present results from numerical simulations of the interaction of an intense ultrashort (100 fs) laser pulse with a neutral helium (He) atom and its ion He+. The simulations are done for a number of laser intensities in the range of 10 -10 W/cm at the KrF-laser wavelength. These intensities range from close to well above the saturation intensity of the neutral atoms and it is therefore necessary to study the contribution to harmonics from neutral atoms as well as ions. Our approach is based on a two-step procedure where we first calculated the neutral atom response in the single active electron approximation. We observe that harmonics are still produced by the neutral atoms above the saturation intensity, but the simple classical law for the cutoff is not obeyed. In the second step we calculated the response of ions. We show that the contribution from ions extends through and beyond the region where the contribution from the neutral atoms disappears. We find good agreement between our numerical results and the experimental ones. We also present some ideas about the importance of the laser defocusing and phase matching at such high intensities. PACS number(s): 32.80. Rm, 42.50.Hz 
I. INTRODUCTION
In the past few years there have been several experimental studies [1 -5] of harmonic generation at laser intensities between 10 and a few times 10 W/cm2. These intensities range from close to well above the saturation intensity of any rare gas. The saturation intensity (I, &) is conventionally understood as the intensity at which a sample of atoms is mostly ionized. In principle, going past the saturation intensity means that we should now have clear experimental evidence of the role of ions in harmonic generation. Due to the larger ionization potential of rare gas ions compared to the neutral atoms, the harmonics generated by ions are expected to extend to a higher order than the ones generated by neutral atoms. Interpreting the results of present experiments is not, however, as simple as one might wish; going above the saturation intensity does not mean we completely deplete the neutral population.
Moreover, the neutral atoms that are left will experience very high intensities indeed. This point may not have been fully taken into account in the interpretation of harmonic generation based on steady state response. Our calculation, which models the full response for a pulse, brings this point out clearly.
Calculations using one-dimensional model atoms and again considering the full pulse response have shown that the number of harmonic peaks increases with the peak laser intensity, even when the intensity goes above the point of saturation [6] . This increase, however, is not linear with the peak laser intensity as it is for intensities below the saturation intensity. This does not imply a complete breakdown of the cutoK rule, as one has to think in detail about the response of an ever diminishing number of atoms in a rapidly increasing field. This means we will get higher and higher harmonics coming from a smaller and smaller number of atoms. The eKciency in producing these high harmonics will be greatly reduced due to the small amount of atoms left. As a consequence, a complete and definitive answer about the role of ions cannot be deduced from the previously mentioned experiments since it is not easy to discriminate completely between the contributions from atoms and ions.
A qualitative explanation of the experiments performed to date can be obtained by combining the single neutral-atom response with that of ions, for a full pulse. This is what we present in this paper, so that experimentalists may better assess the relative role played by the single-atom or ion response. We shall address the case of helium and compare the responses of neutral He for a full pulse with that of He+, the latter produced along the pulse as the neutral atoms are ionized. Helium has the largest ionization potential of all rare gases (U; = 24.6 eV) and can therefore survive to very high intensities in the ionization process. The intensities we have used in the simulations range from 6 x 10 to 2 x 10~s W/cm for a fixed KrF-laser wavelength. The choice of this wavelength is related to the eKciency in producing harmonics. Larger wavelengths will produce higher-order harmonics, but with an associated lower efficiency [7] . This lower efficiency may well be an important issue in the attempts to observe the contribution from ions using longer wavelength lasers.
The harmonic spectra are obtained using the acceleration of the electric dipole moment d(t [3, 5] , stressing the fact that phasematching effects could, in fact, be less important in the saturation regime [1] . Before describing our method and the results we obtain, we shall brieHy review the experimental results in the next section.
II. EXPERIMENTAL RESULTS
To our knowledge there are at least five difFerent experirnents [1 -5] in helium, at intensities beyond or around the saturation intensity. In an experiment with a gas target the saturation intensity is determined by the breakdown of the power law that relates the number of created ions with intensity I~, where q is the order of the process. Krause et at. [8] [8] . It has become conventional to infer the species, ion or neutral atom, responsible for generating a particular range of harmonics by using the cutoff rule (via the dependence of the cutoff on ionization potential). As an example, in the experiments performed by Sarukura et al. [5] with KrF, the cutoff rule has been used to infer generation of harmonics by He+. Those inferences are based on the single-atom response at constant intensity close to saturation [8, 9, 12] and none of them take into account pulse shape or phase matching effects. The point we want to emphasize here is that even though only a small fraction of the neutral atoms survives to the saturation intensities, it radiates in the presence of a very high field. As a consequence, the harmonics generated &om this small fraction can be comparable to those produced by ions over a fair range of the transition region.
III. METHOD Our approach is based on a two-step procedure where, as a first step, the ionization and harmonic generation for the neutral helium atom is calculated in the single active electron (SAE) approximation with an absorbing boundary condition [8] . The validity of this approximation relies on the assumption that ionization is a stepwise process. It is well known that the SAE approximation leads to reasonable results for photons energies below 10 eV [9] .
(At extrahigh intensities and ludicrously short pulses, direct multiple electron production may be possible [13] . ) For more energetic photons there is the possibility of a simultaneous double ionization and then the SAR will not be valid. The effective potential V,fr(r) of helium is constructed from Hartree calculations on its ground state, using a modified version of the Hartree-Fock program of Froese Fischer [14, 15] P; "(t) = 1 -(@(r,t) i@(r",t)).
As we pointed out before, this function will be used to weight the ions response at each temporal step, as the pulse proceeds. The harmonic emission is computed using the acceleration form as (9) lead to difFerent results [11, 18] . Finally, the number of partial waves l used in the expansion of 4(r, t) has to be carefully checked for each intensity. We consider that convergence is achieved when the harmonic spectrum obtained does not change significantly when increasing the number of partial waves included in the calculation. Since the difI'erent partial waves are coupled through the interaction term, it is clear that the number of partial waves has to be increased with the laser intensity. However, the harmonic generation emission is relatively insensitive to the high angular momentum components [20] and convergent results are obtained with few partial waves, i.e. , l "(30.
IV. NUMER, ICAI B. ESULTS
For the results presented here we use two kinds of pulses: short pulses with a linear turn on of 10 cycles followed by a Hat part of 22 optical cycles, and more realistic pulses, with a sin envelope function, where the interaction lasts 128 cycles (105 fs). We first investigate harmonic emission at intensities around I, q for neutral atoms and ions separately. We start by using the shortest pulses with a linear turn on of 10 cycles. To calculate the saturation intensity corresponding to each charge state (He or He+) we compute the ionization rates through the decay of the normalization. As an example, in Fig. 2 [7, 20] . A similar kind of harmonic degradation has been seen experimentally [3] .
To better understand these features we plot now the whole harmonic spectra (including the background) for the previous cases: He at I = 2 x 10is W/cm2 and I = 3. We compare our harmonic generation results with the experimental ones from Refs. [3, 5] . The best fit between experimental and numerical results occurs at intensities around I 3.5 x 10 s W/cm . This is shown in Fig. 6 , where the experimental data are plotted together with the neutral atom and ion response at I = 3.2 x 10 W/cmz. (The experimental data are norinalized to the 13th harmonic. ) The agreement between the experimental and the numerical spectra is remarkably good. We can see that both neutral atoms and ions show the characteristic structure of a plateau followed by a cutoff. The plateau of ions extends to higher orders than the neutral atoms and it is crossed by the neutral-atom cutoff around the 15th -17th harmonic. So, in fact, only the higher peaks (19 -23 orders) are produced by ions exclusively.
The fact that such good agreement between numerical simulations and experiments is reproduced by using a peak intensity almost two orders of magnitude lower than the one claimed in the experiments suggests that the effect of the defocusing of the laser beam at such intensity, gas density, and experimental geometry is important. A full treatment of the defocusing inside a gas will require a complex calculation on the refractive index gradient produced by ionization. However, a rough approximation following the work done by Rae [19] 
V. CONCI U SIONS
We have calculated single-atom harmonic emission from neutral atoms and ions at intensities beyond the corresponding saturation intensity using realistic pulses. We have shown that the concept of saturation intensity does not imply a total restriction in obtaining higherorder harmonics. As a consequence we have seen that the contribution of neutral atoms in experiments running at very high intensities extends to higher orders than the ones previously mentioned in the literature. Nevertheless, we have found some differences in the behavior of the harmonic spectrum when the intensity goes beyond the corresponding saturation intensity. First of all, the efBciency of the harmonics clearly diminishes; the plateau intensity becomes lower for intensities above the saturation intensity than for the saturation intensity itself. We 
